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DIVERGENCE TERMS IN THE SUPERTRACE HEAT 
ASYMPTOTICS FOR THE DE RHAM COMPLEX ON A 
MANIFOLD WITH BOUNDARY 

P. GILKEY1’2'“’^, K. KIRSTEN^./^.t, and D. VASSILEVICH2./5 


Abstract. We use invariance theory to determine the coefficient ^ in 

the super trace for the twisted de Rham complex with absolute boundary 
conditions. 


1. Introduction 

Let (M, g) be a compact Riemannian manifold of dimension m with smooth, 
non-empty boundary dM. Let <j) G C°°{M) be an auxiliary smooth function called 
the dilaton. Let := e~'^de^ and let := e^5ge~‘^ be the twisted exterior 
derivative and the co-derivative, respectively, on the space of smooth differential 
forms. The twisted or Witten Laplacian is given by: 

:= on C^{KP{M)). 

This operator appears in the study of quantum p form fields interacting with a 
background dilaton iniini It has also been used in supersymmetric quantum 
mechanics ^ and in Morse theory m 

We impose absolute boundary conditions Ba, see ^21 for details. Let ^ be 
the associated realization. We need not consider relative boundary conditions Br 
as the Hodge * operator intertwines A^ ^ g and A_™~^ if M is orientable |1H|. 
These boundary conditions are motivated by the Hodge-de Rham theorem which 
shows 

ker(A^_^^^J = R^(M). 

The fundamental solution of the heat equation is an infinitely smooth¬ 

ing operator which is of trace class. Let / G C°°{M) be a smooth smearing function. 
Work of Greiner and Seeley [HiTni shows there is a complete asymptotic expansion 

The heat trace invariants an,m{ ) are locally computable. Let Vg^/ be the 
covariant derivative of / with respect to the inward unit normal Cm on dM. Let dx 
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and dy be the Riemannian measures on M and on dM, respectively. There exist 
local invariants an,m{x,A^ g) and an,m,k{y, Ba) so that 

1 A^ g, Ba) = f {x)an,m(x, A^ g)dx 

S/c IdM ' ^n,m,k{y, ^a)dy . 

The interior invariants vanish if n is odd; the boundary invariants are generically 
non-zero for all n > 1. The presence of the smearing function / localizes the problem 
and permits the recovery of divergence terms which would otherwise be lost. The 
presence of terms involving Vg^/ shows the kernel function for the fundamental 
solution of the heat equation behaves asymptotically like a distribution near the 
boundary as t J, 0 . Define the local supertrace heat asymptotics by setting: 

at!',f,i(l>,g){x) ■■= T,pi-^T°-n.mix, A^ g), 

9 )(.y) ■= A^^ g, Ba). 

Let x(M) be the Euler-Poincare characteristic of M. If / = 1 and if (p satisfies 
Neumann boundary conditions, then m 

Ep(-lFTri2 ) = X W • 

Equating terms in the asymptotic series yields: 

(l.a) jj^ai+^{(t),g){x)dx +jQ;^a^+^ Q{(t),g){y)dy=^y^^^^^ if n ^ m’. 

The local index density has been computed in this setting m Let indices i, j, ■■■ 
range from 1 to m and index a local orthonormal frame for the tangent bundle of M. 
Let Rijki be the associated components of the Riemann curvature tensor with the 
sign convention that i?i 22 i = -1-1 on the unit sphere C Near the boundary, 
normalize the choice of the orthonormal frame so is the inward unit geodesic 
normal. Let indices a, 6,... range from 1 to m —1 and index the induced orthonormal 
frame for the tangent bundle of the boundary. Let Lab be the components of the 
second fundamental form. 

We adopt the Einstein convention and sum over repeated indices. Let 
£{j := g{eui A ... A A ... A e^^) 


be the totally anti-symmetric tensor. Let I and J be m tuples of indices indexing 
an orthonormal frame for T{M) and let A and i? be m — 1 tuples of indices indexing 
an orthonormal frame for T{dM). Set 


n 

n 

C 


i,t 

J,s 

A, t 

B, s 

A, t 

B, s 


:=R 

:=R, 

:=R 




,-"Latbt ■ 


...R, 


at-iatbtbt-1 5 


Since the empty product is 1, we set TZ-A = 1, 7^^’* = 1; = 1 if t < s. 

We refer to uni for the proof of the following result. It establishes vanishing 
theorems which generalize previous results of unnmncHi to the twisted setting. 
It also identifies the local index density in the twisted setting. 




Theorem 1.1. (1) If n is odd or if n < m, then = 0- 

(2) If m is odd, then a^^(0, g) = 0 for any n. 

(3) If n-k < m, then = 0. 
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Trmgm^ 




(4) 0,2fh,2fh{4>^ 9 ) — 

(^) 5 ) Efc ir''8'"fe!(m —1 —2fc)!vol(S™“i“^'=) 


_A'r?A,2fc ^A,m —1 


The fact that the local index density is not dependent on the dilaton field has 
important physical consequences m One can also combine Equation (II.all with 
Theorem o to obtain a heat equation proof of the Chern-Gauss-Bonnet theorem 
[iEl for manifolds with boundary: 




By Theorem o the first non-trivial ‘divergence’ terms can first arise in the 
supertrace when n = m+ 1. Let and denote multiple covariant differentiation 
with respect to the Levi-Civita connections on M and on i9M, respectively. By 
Theorem ll.il = 0 if to is even. Furthermore 5) = 0 if 

k >2. The following is the main result of this paper: 


= Im 


+ 


, ;_ ^pA'jdA; 2K i.A,2m-L, 

dM ii-''8'=fe!(2m-l-2fe)!vol(S2™-i-2'=)‘^B'^B-l '^B.2fc+1 “yj 


■B,l '-B,2k+1 
A,2k ^A,2fh 


E r 1 pA,2m 

k JdM ii-''8'=/c!(2m-2fc)!vol(S^™-^'“)^B'^B,l •^B.2fc+l“2/' 


Theorem 1.2. 


( 1 ) 




ii(t>,9) = 


'‘2m+2,2m+l y; — ’ 

(i+(5 / j; ^ 1 _A 'j'yA,2k-\-l ^A,ui — 1 

\^) — l^k V^F7i-'“8'“fe!vol(S'"”2fc-2)(„_2fe_2)!^B'c;aif>l'''B,2 ‘-'B,2k+2 

+ E 2 


,7^ 


I ,m 


^2k<m-3 2x/¥7r^8^fc!vol(S"^-2fc-2)(m-2fc-2)! 

?? ^A,m —1 -1 

• ^ -^a'2fc+ia2fc+2^2fc+2‘^-^S,2A:+3 J-^2^+1 ? 

/o^ (i+(5 \ —1 

(,Oj — Z^fc 8''7i-''fe!vol(S'"-2'')(m-2/c)!^B'^B,l •‘-B.2fc+1- 


Let M be a closed manifold. The local index density for the untwisted de Rham 
complex was identified in dimension 2 by McKean and Singer m and in arbitrary 
dimensions by Atiyah, Bott, and Patodi [2, by Gilkey and by Patodi JS|- The 
case of manifolds with boundary was studied in CH We also refer to [mini for 
other treatments of the local index theorem. 

Patodi’s approach involved a direct calculation analyzing cancellation formulas 
for the fundamental solution of the heat equation. Atiyah, Bott, and Patodi used 
invariance theory to identify the local index density for the twisted signature and 
twisted spin complexes. They then expressed the de Rham complex locally in 
terms of the spin complex twisted by a suitable coefficient bundle. Neither of these 
approaches seems particularly well adapted to the twisted setting. In particular, 
since the operator relies on the Z grading of the de Rham complex, it is not 
described in terms of an operator on the twisted signature or spin complexes. Thus 
we choose in m to generalize the approach of cni to determine the local index 
density for the twisted de Rham complex. 

There are explicit combinatorial formulas [iEllIHl for the heat trace invariants 
of order n < 5, see the discussion in Section [21 for further details. However, these 
formulas become very complicated and it seems hopeless to prove Theorem ll.2l by 
an explicit computation. 

The approach taken by Gilkey in EDI suffered from the disadvantage that the 
techniques involved were rather ad hoc and cumbersome as they did not make full 
use of the machinery of invariance theory developed by H. Weyl m In the present 
paper, we use both the first and second main theorems of invariance theory; this is 
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the crucial new feature of our analysis. Let 


'pk 

m—l,m 

*^m,m 

p2^k 

*^m,m 

*^m,m 


= Si 


I 


= £ 


A^A,2k pA^ra — \ 
/vd 1 Lf 


= ein 


= £ 


BA 
AAki 

BA ^;®2fc+i^2fe+i'^ 
AAk 


• A,m —1 
'BAk-\-2^ 
—1 


B’^^BA ^;®2fc+i^;&2fe+i-^S,2fe+2’ 


_ c-A J'jp A,2k TD 

— t_g\/V_g . -Tt, 


B ,1 -^il2fc + l<l2fc + 2^2fc + 2^'^B,2fc+3 J =^2fc + l 


^A,m —1 ^ 


Lemma 1.3. There exist universal constants so that: 

(1) If m is odd, then — ^ 7 n+i, 7 n^m+i,m- 

A) ®m+l,m,l{‘/’> 5 ) = Efc 

A) 5 ) =J2i,k'^Tn+l,m,0^Am- 

This reduces the proof of Theorem II .21 to the evaluation of the unknown univer¬ 
sal coefficients. Here is a brief guide to the remainder of the paper. In Section|21 we 
review the properties of the heat trace invariants which we will need. In Section |3 
we use invariance theory to establish Lemma ll.31 In Section^ we employ product 
formulas, special case calculations, and functorial properties to derive some tech¬ 
nical results concerning the universal coefficients of Ijemma. Il .31 We then combine 
these results to complete the proof of Theorem o in Sectional 


2. Formulas for the heat trace asymptotics 

Let D be an arbitrary operator of Laplace type on a vector bundle V. There is a 
canonical connection ca V on V which we use to differentiate tensors of all types 
and a canonical endomorphism B of V so that 

Du = —{u-ii -I- Eu). 

We impose mixed boundary conditions. Let x be an endomorphism of V\dM so 
X^ = I. Decompose x = n+ — n_ where n± := b(Id ± y) are the projections on 
the ±1 eigenspaces of x- Let S be an auxiliary endomorphism of n+. We extend 
X and S to be parallel with respect to the geodesic normal vector held near 
dM. We impose Robin boundary conditions on V+ := Range(n_|_) and Dirichlet 
boundary conditions on V- := Range(n_) to dehne the mixed boundary operator: 

S:={n+(Ve,„ + 5)©n_}|aM. 

Let flij be the components of the curvature endomorphism dehned by V. We 
refer to [S] for the proof of the following result which expresses the heat trace 
asymptotics in terms of this formalism for n < 3: 

Lemma 2.1. (1) ao(/, D, H) = Tr(/Id)dx. 

(2) ai(/,D,H) = (4^)-("^-L/2i^^Tr(/x)d2/. 

(3) a2{f,D,B) = (4^)—/2i/^Tr{/(6ii; + i?,,yjd)}dx 
+(47r)-™/2i Tr{/(2Wd + 125) + 3f.,mX}dy. 

(4) a3(/, D, B) = (4^)-(—1)/2^ Tr{/(96xF; + + ^xRamam 

+ [13n+ - m_]LaaLbb + [2n+ + 10n_]L,6L,6 + 965Laa + 19252 
-12X:aX:a) + /;m([6n+ -|- 30n_]Loa -|- 965) -|- 2Axf-mm}dy- 
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Similar formulas are available PdiiniEni for n = 4, 5. What is crucial to our 
analysis, however, is the general form of these expressions. They are the trace of 
certain non-commutative polynomials in the covariant derivatives of the variables 
{i?, E, n, S, L, x} with indices contracted in pairs. 

To apply Lemma o to the setting at hand, we must identify the structures 
which are involved for the twisted Laplacian. Let : uj Ci A lo he left exterior 
multiplication by the covector and let i^ be the dual operator, left interior multi¬ 
plication by Ci- Let 7 i = — b give the associated Clifford module structure on the 

exterior algebra. Extend the Levi-Civita connection to act on tensors of all types 
and let 0^ be the associated curvature operator. 

Lemma 2.2. (1) = Ag -|- ■ Id -I- 

(2) The Levi-Civita connection is the connection associated to 

(3) := ~ ~ ~ b'^i) the endomorphism for A^^g. 

(4) Absolute boundary conditions are defined by taking 

_ f -1-1 on A{dM) 1 j c / -Labcfia on K{dM) 1 
^ — 1 OK hfdM)^ j an . 0 on K{dM)^ J 

(5) X:a — ■ 

Proof. The classical formula d-h Sg = ~ extends to the twisted setting: 

d(j) -j- S(p^g = iz^ei ~h • 

We use the commutation rules cfij ijZi = Sij, the fact that Ve = 0, and the fact 
that Vi = 0 to prove Assertion (1) by computing: 

^(p,g ~ Ag 4- CiVe^ig(/j;g -f ig^jjCzVe^ XiS/ 

—t— (^cfij —j- 

— Ag 4- {ZiXj 4- XjCi Gi 4- {zAj XiZj'^tf.^i 4- 

— Ag 4- {zfij 4- 

This shows that the associated connection does not depend on and hence is 
the Levi-Civita connection m Since the standard Weitzenbock formulas yield 
E{Ag) = Assertion (3) follows. 

We refer to for the proof of Assertion (4). Let a;+ := 0 °"^ A ... A e'^‘ and let 
uj- := e"*Aa;+. We then have xoJ± = ±oj±. We use Assertion (4) to prove Assertion 
(5) by computing: 

(^e^X X^e^ )^+ ~ (TabcZcXb Tabm ^abc^c^b H“ ^abm^m 

e-aX G-a ~ ( ^abc^c^b ^amb^b^m ^abc^c^b ^amb^b^m)^— 

— . D 

We now discuss functorial properties of the supertrace asymptotics. 

Lemma 2.3. (1) On the circle, afY — 

(2) We have g){x) = (-l)'"a^+^(-(/), g)(a;). 

(3) We have «l’+i.m.o(0-5)c^2/ = 0- 

(4) Let {M, (j), g) := (Mi x M 2 , fii 4- ((> 2 , gi 4- 32 ) where dMi = 0. Then 

(a) ai+^{(j),g) = E„i+n 2 =n ffi) ■ 
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(b) g) = T,m+n2=nait^rm{'Pu9l) ' a^tm2./c(^2, 52 )- 

Proof. Asssertion (1) follows from Lemma [2.II ISI and from Lemma [2.21 ('3'). 

Since the interior invariants (</>, g) are local, we may suppose without loss of 
generality that M is a closed orientable manifold in the proof of Assertion (2). Let 
be the normalized Hodge operator defined by the metric. Then, the normalizations 
having taken into account the sign conventions, the usual intertwining relations 
extend to the twisted context to show 

'kg = id, 'kgdt^ 'kg = S—(^^gj and kg d(p^g kg = d —0 . 

Assertion (2) now follows from the intertwining relationship: 


i>,g 3 


_ A m-p 
~ ^ ■ 


We note that kg intertwines absolute and relative boundary conditions; thus we can 
not conclude a similar equivariance property for the boundary invariants. 

We use Theorem 11.11 to see that a5^i„(0,g) = 0 regardless of the parity of 
TO. As the interior invariant vanishes pointwise, the boundary integral vanishes by 
Equation (II.all . 

To prove Assertion (4), we decompose 


A(M) = A(Mi) 0 A(M2), dcj, = di+ ^2, and d^^g = 81+82 
where, on C^{AP{Mi) (g) A'^(M2)), we have 


di := d,^i (g Id, d 2 ■■= {-ly Id® d^^, 

:= <5,^1 ,gi (g Id, 82 ■■= (-1)^ Id (g <5^2.i?2- 

Consequently these operators satisfy the commutation relations: 


d\d2 + 8281 — 0 , 8182 + 8281 — 0 , < 5 id 2 + ^ 2^1 — 0 , < 5 ii 52 + 8281 — 0 . 


Thus the associated Laplacian and fundamental solution of the heat equation de¬ 
compose in the form 

= ®p = p,+p,^l\^g^ g Id + Id g 

e-*^5,S,ea = g e“‘^^2.S2.ea . 

Let / = /1/2 where fi S C°°{Mi). We then have 

TrL2{/e“*‘^^.S'6o} = Ep=pi+p2 ■ TrL2{/2e"‘^'<-2'92.6a } . 

Assertion (4) now follows by equating coefficients in the asymptotic expansion of 
the supertrace. □ 


3. Invariance theory 

Let y be an TO dimensional real vector space which is equipped with a positive 
definite inner product Let 0{V) be the associated orthogonal group. One 

says that a polynomial map / : x^V ^ R is an orthogonal invariant if 

f{iv\...yv’^) = f{v\...,v’^) VCeO(y) and & x'^V. 

Weyl’s first theorem of invariants m (Theorem 2.9.A) is the following: 

Theorem 3.1. Every orthogonal invariant depending on k vectors (vi,...,Vk) in 
x^V is expressible in terms of the scalar invariants g{vi,Vj). 
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Let Ik,m be the set of all multilinear invariant maps from to K.; only the 
dimension m of is really relevant so we suppress V from the notation. Given 
our interest is in 0{y) and not SO(V) invariance, we have Xk^m = {0} if k is odd. 
Consequently, we shall suppose that k is even henceforth. Let Sfe be the group of 
all permutations of the set {1, ...,k}. We define a multi-linear invariant map pk^a- 
for any permutation u G by setting: 

Pk,(7 (ni, ..., Vk ) . 1 '^a'(2) ) * ’ ' 9(X(T(k—l) i ^a'(k) ) • 

Theorem 3.2. Xk^m = span^^^Jpk,a}- 

Proof. We use Theorem ED to express p £ Xk^m in terms of monomials involving 
the inner products 9 {vi, Vj). Since p is multi-linear, 

p{cVi,V2, .■.,Vk) = Cp{vi,V2, ■.■,Vk) ■ 

Consequently we need only consider monomials where the variable vi appears ex¬ 
actly once as otherwise we contradict multi-linearity. A similar observation holds for 
the remaining indices and these are exactly the expressions pk.cr defined above. □ 

In view of Theorem ES one says ‘invariant multilinear maps are given by con¬ 
tractions of indices’ as, relative to an orthonormal basis, the inner products involved 
correspond to contraction of indices in pairs. Let {ci} be an orthonormal basis for 
the vector space V and let co = £ <Si^V. We have, for example: 

X 2 ,m '■= Spanjcij ^ and 

X4,Tn ■— Span|^UJ > iO ^ iOijij ^ LU ^ ■ 

Let Pn.m be the space of invariant polynomials which are homogeneous of weight 
n in the derivatives of the metric tensor. Atiyah, Bott, and Patodi [ 2 ] applied this 
formalism to study these spaces. In geodesic coordinate systems, all jets of the 
metric can be computed in terms of the covariant derivatives of the curvature 
tensor and vice versa. Thus, for example, if n = 4, an invariant P £ can be 
regarded as a map from a certain subspace 

W C {®®r(M)} © {©®r(M)} 

to R which is invariant under the action of the orthogonal group; here W is gen¬ 
erated by the algebraic covariant derivatives C ®^T{M) and by the algebraic 
curvature tensors R® R CL ®f’T{M). As the subspace W is orthogonally invariant, 
extending P to be zero on W'^ defines an orthogonally invariant map to which 
Theorem El applies. Thus, for example, after taking into account the appropriate 
curvature symmetries, one has: 

P2.m — Spanj^T .— 

P4,m — Span{T , \p I := RiJjkRuik: |.^| •— RijklRijkl: At := Rijji-kk'\ • 

This analysis extends to form valued invariants with coefficients in an auxiliary 
vector bundle and gives rise to a heat equation proof of the index theorem for the 
classical elliptic complexes [21 . 

What is relevant to our analysis, however, is Weyl’s second main theorem m 
(Theorem 2.17.A). 
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Theorem 3.3. Every relation among scalar products is an algebraic consequence 
of the relation 


0 = det 


/ g{vi,wi) 
9 {vi,W2) 


9{v2,wi) 

g{v2,W2) 


g{Vm+l,Wi) \ 
g{Vm+l,W 2 ) 


V 9{'>Jl,Wjn+l) g{v 2 ,w„i+i) 




We remark that this relation can also be expressed in the form: 


(3.a) 


0 = g{vi A ... A Vm+i,wi A ... A w^+i). 


Let W be a vector space of dimension m — 1. Choose an inner product preserving 
inclusion i : W C V which embeds 0{W) C 0(V). We define the restriction map 


which is characterized dually by the property: 

r(p)(wi, ...,Wk) =p{i{wi), ...,i(wk)) ■ 

If p is given by contractions of indices which range from 1 to m, then r(p) is given 
by restricting the range of summation to range from 1 to m — 1. Consequently, the 
map r is surjective. If A: > 2m and if cr G define: 

: = 9{vcj{i) A ... A ^ 

^ 5('^{7(2m+l) 5 '^cr(2m+2) ) * ‘ ' 9{V(7{k—l) i ^{7(fc) ) ■ 


Theorem 3.4. Let m > 2. 

(1) r : Ik^m Ik^m-i is surjective. 

(2) r : Ik,m Ik.m-i is injective if k < 2m. 

(3) Ifk> 2m, then ker(r) r{Ik,m = span^gSfc{0fc.m.o-}- 

Proof. We have already verified Assertion (1). To prove Assertion (2), we use 
Theorem 13.21 to express p € Pk,m in terms of inner products. We use Theorem 13.31 
after making an appropriate dimension shift, to see that r{p) vanishes if and only 
if it can be written as sums of terms each of which is divisible by an appropriate 
determinant J of size m x m. The desired result now follows from equation (13. all 
and from the same arguments used to prove Theorem E2 □ 


Previously we have considered invariants of the metric alone. The analysis ex¬ 
tends easily to the twisted setting. We define 

weight(V*^) = k and weight(V^i?) = 2 + k. 

Let Qn,m be the space of all 0(m) invariant polynomials of total weight n in the 
components of R, the covariant derivatives of R, and the covariant derivatives of 
cj). We do not admit </) as a variable. Furthermore we require that each monomial 
either does not involve the covariant derivatives of (j) at all or involves at least two 
covariant derivatives of (f>. We use the Z 2 action (f —f) to decompose 

Qn,m = Qt,m ® ^here 

:= {Q e Qn.m ■ 9) = 5 )} • 

The restriction map in Theorem EH induces natural surjective maps 
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If (TV, (pN,gN) are structures in dimension m — 1, then we can define correspond¬ 
ing structures in dimension m by setting 

(M, (j)M,gM) '■= {N X S^,cj)N,gN + dO"^) . 

If 2 / S ON is the point of evaluation, let (y, I) S dM be the corresponding point 
of evaluation - it does not matter which point is chosen on the circle owing to the 
rotational symmetry. The restriction map r : Qn,m Qn,m-i is then characterized 
dually by the formula: 

r{Q){(t>N,gN){y) = Q{4'N,gN + d9‘^){y, i). 

Lemma 3 . 5 . ( 1 ) If m is even, then a‘fff,^{(j),g) S Qlt.m Hkerr. 

( 2 ) Ifm is odd, then a'^^{(j),g) G nkerr. 

Proof. Standard arguments m show the invariants {(j), g) are homogeneous of 
weight n in the jets of the metric and of (f. Let V be the Levi-Civita connection 
on AM. By Lemma|^21 (I), 

Thus the undifferentiated variable (j) does not play a role in these invariants. Fur¬ 
thermore, either at least 2 covariant derivatives of (j) appear or only the curvature 
R appears in each Weyl monomial of g). This shows that 

^ri^mi^^Tg) £ Qn,m ■ 

We use Lemma 0(2) to see that a'fff,^{(j),g) is an odd function of if to is 
odd and an even function oi (f if m is even. To complete the proof, we must show 
= 0- Suppose that M = N x has the product metric and that (j) = (j)N 
independent of the angular parameter 9 € S^. As (fs^ = 0, we use Lemma lOl ISI 
to see a'^i {0, gsi) = (—I)^a(Jj'j‘^(0, ggi) = 0 for all n. Thus Lemma lOl ldal implies 
that a'fff^[(j)M,gN) = 0. This shows that = 0. □ 

Assertion (I) of Lemma [1.31 will follow from the following result: 

Lemma 3 . 6 . If m is odd, then Qf^+i m = Span{£lm+i,m}- 

Proof. Let 0 ^ Q G Qfn+i m- Let A be a monomial of Q of the form 

A — 0;ai ■ ■ ;/5i ■ ■ ;/3w 

where and fiv denote appropriate collections of indices. Then 
TO -k I = weight(A) = |a^l + Ei.(2 + \I3A) ■ 

By definition, the empty sum is 0. Thus is to be ignored if u = 0 and is to 
be ignored if t = 0. Let k be total number of indices present in A; 

^ I«mI + + IPA) = weight(A) + 2v = m + l + 2v. 

We apply Weyl’s second main theorem of invariance theory as discussed above. 
To ensure that rQ = 0, we must contract 2m indices in A using the e tensor and 
then contract the remaining indices of A in pairs. Consequently, at least 2m indices 
must appear in A so 

(3.b) 2 to <fc = TO-|-l-|-2i; = 2m + 2 — |a^| — ^ 2 to -I- 2 . 
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Since m is odd, 2m, to + 1 + 2v, and 2m + 2 are all even. Thus only one of the two 
inequalities given in Display (I3.bll can be strict. As Q{—(j),g) = —Q{cj),g), u must 
be odd. Thus 

>0 

so the second inequality in Equation (Id.bll is strict. Thus exactly 2m = k indices 
appear in A and all are contracted using the e tensor. The first and second Bianchi 
identity show i?****;^ = 0 if 3 indices are alternated. Thus at most two i indices 
and at most two j indices can appear in each i?****;^ variable. This shows that 

1/3;, I = 0 for all ly. 

Furthermore, the two possibilities are 12 ^ 2^1 O'' -^* 111 * 2^2 ■ The first Bianchi iden¬ 
tity can then be used to express the second variable in terms of the first. Since 

u ^ |cii| -|- ... -|- \(y.u\ = 2 

and u is odd, u = 1 and |q;i| = 2, since either 0 or at least 2 covariant derivatives 
of (p appear in each monomial of Q € Qn,m- Thus we are in fact dealing with a 
multiple of £m+i,m ■= D 

To complete the proof of Lemma o we study the boundary invariants. Let V 
denote the Levi-Civita connection of the boundary. We consider polynomials in the 
components of the tensors 

{R, VR, V^i?, ... , L, VL, V^L, ... , V(/i, V^^,...}. 

Again, we do not introduce the variable (j). We let 

weight(V^i?) :=2 + k, weight(V^L) := 1 + k, and weight(V^^) = k . 

Let Qn,m be the space of all 0{m— 1) invariant polynomials of total weight n where 
we admit monomials which either do not involve the covariant derivatives of (/> at 
all or which involve at least two covariant derivatives of (j). 

Let Vn.m C Qn,m be the subspace of invariants which do not involve the covariant 
derivatives of (j). Setting (/) = 0 defines a natural map from Qn,m to Vn,m- If 
P S Pn.m, then the evaluation 3{P){g) g R is defined by setting 

'^Pig) ■= IaMPig)iy)dy ■ 

By Lemma 10 (3), 9 ) = b- The same argument as that given 

to establish Lemma 13.51 can be used to show that ^ £ Qn-k-i H kerr. The 
remaining assertions of T;emma. ll .31 will now follow from the following result: 

Lemma 3.7. (1) H kerr = {0} n < to — 1. 

(2) Qm-i,m n kerr = Spanfe{.F,^_i 

(3) Qm.m n kerr = Span^lJA^fc^^ + {Vm,m n kerr}. 

(4) Vm,m n ker r n ker 3 = Span^,} 

Proof. Let 0 ^ Q G Qn,m H ker r and let A be a monomial of Q of weight n where: 

^ ■— 0;cti ' ‘ ’ ‘ ■ ■ ;/3i,:7i ’ ' ' ^a-w^w-'ynj 

'n ■= WA + + 2) -b Z^o-dTo-l +1) ■ 

To ensure that rQ = 0, we contract 2{m — 1) tangential indices in A using the 
e tensor; the remaining tangential indices must be contracted in pairs. Since the 
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structure group is 0{m — 1), the normal index ‘m’ can stand alone and unchanged. 
Let kx be the total number of tangential indices in A, and let km be the total 
number of times the normal index m appears in A. We estimate: 

2m — 2 < kx < kx + km 

(3.c) = + 4) + + 2.) = n + 2v + w 

= 2n - \ax\ - T,u - Ec. l7rT| < 2n. 

Assertion (1) of the Lemma follows as this is not possible if n < m — 1. 

We set n = m — 1 to prove Assertion (2). All the inequalities of Display (l,S.c|l 
must have been equalities so there are no covariant derivatives and thus the (j) 
variables do not appear. All the indices are tangential and are contracted using 
the e tensor. After using the first Bianchi identity, we see that this leads to the 
invariants J-m-i,m which proves Assertion (2). 

Let n = m. Display (lO involves a total increase of 2. Thus at most 2 explicit 
covariant derivatives are present. However, unless at least 2 covariant derivatives 
are present, (j) is not involved and this leads to invariants in Vm,m Hkerr. Thus we 
may suppose exactly 2 explicit covariant derivatives are present - and all of them 
appear on (j). Consequently 

kx = 2m- 2, km = 0, = 2, Ei. = 0, and Ea I 7 <t| = 0. 

Since every index is tangential and all are contracted using the tensor e, after 
applying the Bianchi identities, we obtain the invariants ^m%, J-m^m- This 
completes the proof of Assertion (3). 

To prove Assertion (4), we set (j) = Q and consider only metric invariants. Let 
m be the space of p form valued invariants which are homogeneous of degree n 
in the derivatives of the metric; Pn,m —Pnm- 

Let S : V^m ^ '^n+i m he the coderivative of the boundary. Results of El 
describe the cohomology groups of this complex. When combined with standard 
methods of invariance theory they yield the following observations: 

(1) r is a surjective map from m to m-i with rS = Sr. 

(2) If n ^ m - 1, then V°^m C ker? = <5:PEi.m- 

(3) Ifn^m - 1, then PEi.m C ker 5 = 5Vl_2^m- 

Let Pm.m ^ ^ 771^771 nker rCker d. Choose G Pm—i.m eo ^^m—i,m — Pm.m- 

Unfortunately, rP^_^ ^ need not vanish and we must adjust Pm-i m- Since 

= fPm,m = 0 , 

we may choose Pm-2,m-i G ^m-2.rn-i SO 777-1 = rPl_^^m- Since r is 

surjective, we may choose Pl_ 2 ,m G so = P^_ 2 ^m-i- Then: 

p 

J m,m5 


hPl-Xm - 5Pl-2,m} = 5Pl-l,m = 
r{PL-l.m - 5Pm-2,m} = rPm-im “ 


= rP 


m—l,m 


-5P 


m —2,m —1 


= 0 . 


Consequently 

(3.d) 


Pm,m n kerr n kerd = HVm-i,m kerr} . 
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Let 0 ^ e n kerr and let 

^ ;/3l * ■ ;/3u^>1:7l * •:7tu ^ 

be a monomial of P^_i m- Since rP^_^ ^ = 0, we must contract 2{m — 1) indices 
in A using the e tensor and contract the remaining indices in pairs. We estimate 

2(m — 1) < kr < kx + km = Ej^dAI + 4) + Eo-dTo-l + 2) + 1 
(3.e) =m-l + 2v + w + l = 2{m - 1) - Ei. lAI “ |7 <t| + 1 

< 2{m - 1) + 1. 

This sequence of inequalities represents a total increase of 1. Thus kx = 2{m — 1) 
and every tangential index is contracted using the e tensor. We have 


(3.f) Lq^c^-.Ci LciC3-.C2 — RciC2C3m- 

We may therefore assume | 7 cr| =0 so there are no tangential derivatives of L present. 
If km = 0, then every index is contracted using the e tensor. Thus the Bianchi 
identities show \P^ \ = 0 for all v. This means that every inequality in Display (13.ell 
is an equality which is impossible. Consequently km = ^ and Ejy lAI = 0- This 
leads to the invariants 




B'T^A,2k jD n 

'^a2fc + ia2fc + 2'^^2fc + l 


A , m — 1 h2k+2 

B, 2fc+3^ 


Assertion (4) now follows from Equation (I3.dll since SQm-i^m = 


□ 


4. Product formulas, special case computations, and functorial 

PROPERTIES 

Throughout this section, we adopt the notation of Lemma We begin with a 
result which is based on product formulas. 

Lemma 4.1. 


(2) If k > 0, then 


(1) If m = 2m + I, then Cm+i,m = 


1 r-O 

2fe+l,m—2fe,l ’ 

(3) If k> 0, then q Cm - 2 k + l , m - 2 k ,0 ■ 

(4) We have ^ ^ 


^ and ell'll ™ n = 0. 


''m+l,m,0 77 (m —2)!vol(S'"”^) '"m+l,m,0 

Proof. Give S'™ and D™ the standard metrics gs,m and go.m- We then have 

(4. a) = 2™(2 to)! and = (m - 1)!. 

Let m = 2m + 1. Give M := x S^™ the product structures where 4>2 = 0. By 
Theorem 0(1) and Lemma 10(4) we have 

^t!+l,mi't'M,gM) = gS,l)a2rn,2m{0, gS,2fh) ■ 

Consequently, by Equation (14. all and by Theorem ll.il 141. 

alEVm(</'>5) = C^+l.m<)';ll2™(2TO)! 

= 9s,2fh) = ^""(^’^)' ' 

We complete the proof of Asssertion (1) by using this relation to solve for Cm+i,m: 


Cm+l,m - 75F8m,r™m! ' 
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Fix fc > 0. Give M = x the product structures where cj)i = 0. We 

argue as in the proof of Assertion (1) to see that: 


®m+l,m,l ) 9M ) X/j ^m+l,m,l^rn,Tni.4'M ^ 9M ) 

~ ^2k,2ki^’ 9S,2k) ' a^2fc+l,m-2fc,l (^i 5£>,m,-2fe) 

~ iT^F^2^(2fc)!c2fc+i 2fe,i(w — 2fc — 1 )!. 


This equation relates ^ i and ^ i and thereby establishes Assertion (2); 
the proof of Assertion (3) is similar. 

Let M := X D'^~^ where 4> = 4>{6) depends only on We use Theorem II .11 
to determine As we argue as above to see 




= TO 

2,0 


(0, to" 




(m—2)! 

ol(S^-^)(m-2)! 


We solve for cl^^i ^ q and „ o establish Assertion (4). 


□ 


By Lemma [4.II we need only determine i c^+i m o complete the 

proof of Theorem ll.2l As these terms do not involve (j), we set </> = 0 henceforth. We 
introduce universal constants c'^rn k ^ defines mixed boundary conditions 

for an operator of Laplace type, then the heat trace asymptotics have the form: 




We will use the method of universal examples to show that only TrlS*"* is 
relevant in computing o(0, g), ^(0, g)} and that only Tr{F;.„5'"*-3} jg 

relevant in computing ^ o(0)5)- This will enable us to show: 


Lemma 4.2. 

(1) Ifm>2, then c'i+i^rn,! = c™+i.™,i and voi(S"»-i) ■ 

(2) C 4 I 0 = 0 - Ifm>3, then = c^+i,m.o- 


Remark: The constants and ^ have been determined in 0; after a bit 

of work converting from T functions into volumes of spheres one checks the value of 
^ I given here is consistent with the value given in |3; this provides a valuable 
check on our methodology. 


Proof. We shall prove T,emma B31 hv making a special case calculation. Let m > 2. 
To simplify the notation, let 

^rnig) • 1 ^)’ ■ 

Let {yi, ..., j/m-i) be the usual coordinates on K™“^. Let f{y) be a smooth even 
function function of y and let 

Mm ■■= {{y, r) e R"* : r > f{y)} . 

Let {Ai, ..., Am-i} be distinct real constants. We choose / so that 
(4.b) /(O) = 0, (9f/)(0) = 0, and {dfd]f){0) = . 
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Give K™ the usual flat metric. Then Ty(0) = —AiSij. We use Lemma ^21 to 
compute: 

(4.c) Pmig)iO) = {m - l)\cmA where A := ■ 


Because i? = 0, we have E = 0 and fl = 0. Thus there exists a polynomial Qm 
of total weight m — 1 in the tangential covariant derivatives of {%, L, S} so that 


^m = Ep(-lFTrAP(R^){Q„(-)}. 

We must control for fc > 1. Since the curvature of R™ vanishes, Equation 
shows that VL is a totally symmetric tensor field. Since / is an even function, 
vanishes at the origin if k is odd. For k even, the components of V^L(O) 
are polynomials in the derivatives of the defining function /. Let A denote the 
ideal in the algebra of all polynomials in the jets of / which is generated by the 
monomials {Af ,..., A‘^_i}. In light of Equation 14.cll . we shall work modulo A since 
such elements can not contribute to A. 

We first study V^L. This is not a symmetric tensor field. Let R be the curvature 
of the Levi-Civita connection of dM. Let {ei, ...,em-i} be an orthonormal frame 
for the tangent bundle of the boundary so that 6^(0) = df. Then: 


Rb 

1 62^3^4 — 64-^62^3 -^6163-^62^4 

La^ n.ou 


^ aia 2 ' ci 40‘3 -^0502 


and 

+ Rt 


a3a4a2a-5 -^asai 


This shows that A^^ divides {Ra 


-b Ra 


5^0501 }(0). Consequently 


V^L(O) is totally symmetric modulo the ideal A. Since the components of 
are linear in the 4 jets of / and quadratic in the 2 jets of /, we may choose the 4 
jets of / to kill the symmetrization of (V^L)(0) and thereby ensure (V^L)(0) S A. 
Similarly, by choosing V^+^/(0) appropriately, we may suppose that 

(V'=L)(0)eJ? for fc>0. 


We therefore supress henceforth in the proof of Assertions (1) and (2). By 
Lemma [2.21 151. x-.a = 2Lah(f&im + ^mh)- Thus further covariant differentiation of 
X only involves covariantly differentiating eAm + Thus inductively there exist 
suitably chosen endomorphisms of weight 0 so: 


(4.d) 


X:. 


— LaibiLa2b2"-Lakbk^bi...bk 


If a X-ai... term appears, we must contract it with another index oi; Equation 


(I4.dll contains no La^ai term. Consequently this contraction involves a different 
variable which produces an term; such terms can be ignored in light of Equation 
(iOl . Similarly since 

S = —LabWa on A(]R™“^) and S' = 0 on A(]R'"“^) A dr, 


V^S plays no role if A: > 1. If a Laibi term appears where oi is not to be contracted 
with bi, then A must be divisible by . If the term Laa appears in a monomial Q, 
then we may factor Q = LaaQo and then apply Lemma|^7|(l) to see the supertrace 
of Qo vanishes. Thus L does not appear as a variable. This shows that only the 
monomial S™”^ is relevant. Consequently 


Pmigm = c™Ep(-lFTrAP(Rp.){S—1}(0). 

Since S is zero on A^’(]R™“^) A dr, 

(4.e) Pmigm = Cm Ep(-irTrAp(R™-i){S'"-i}(0). 
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We may decompose 

= A(R)(g)...(g)A(R) and 

S = X]i<i<m-i ® ••• <8 Id ® S', ® Id (gi... (g Id where 
Si = 0 on A°(R) and Si = —Ai on A^(]R). 

The supertrace of Id is zero. Furthermore, the supertrace of the tensor product 
is the product of the supertraces. Thus only (m — l)!5'i (g ... (g Sm-i survives in the 
supertrace of 5""“^. Since the supertrace of Si is —Ai, we have that: 

(4.f) Ep(-lFTrA.(R™-i){,S™-n = (m - 1)!^. 

Assertion (1) part one now follows from Equations Ijd.cll . I|4.ell . and Il4.fll . 

The invariant g is homogeneous of weight m — 1 and is in the kernel of r. 
Thus we can use exactly the same line of argument to show: 

amtm.o(0:5)(0) = (to - • 

We use Theorem o to evaluate q( 0, g)(0) and establish Assertion (1) part 
two. 

The proof of Assertion (2) is similar. Let to > 3. To simplify the notation, set 
Pm+l{g) ■— 9)1 Cm +1 ■= C^+l,m, 0 > Cm +1 ■= C^+l,m ,0 ’ 

Let (ui, M 2 , 2 / 1 , ym- 3 , t) be coordinates on R™. Let f{y) satisfy the normaliza¬ 

tions of Equation Il4.h|l . We set M = {x £ R"* : r > f{y)} and 

dslf := du\ + -I- dyl + ... -I- dy‘^_^ + dr^ . 

Then i?(-)(0) = 0 and the non-vanishing components of L and Vi? at the origin are 
given, up to the usual Z 2 symmetries, by: 

L{df,d^){0) = -AAj, and 

i?(ar, 5“, dl-dr) = i?(ar, 5“, dr, dl) = Ag . 

Let A = (—l)"*“^AgAi...Am_ 3 . We apply Lemma lOl to see 
(4.g) Pm+i{g){Q) = 2[m - 2,)\cm+iA . 

We now let A be the ideal generated by the elements {Ag, A^,..., A^_ 3 }. If we set 
Ag = 0, then the manifold is a product of the manifold considered previously with 
a flat factor. This shows that V^i?(0), V^i?(0), V^n(O) are all divisible by Ag for 
k >1 and vanish if fc = 0. 

We consider terms which can give rise to A after taking the supertrace. Let £ 
denote a generic polynomial in the tangential covariant derivatives of L, of S, and 
of X when Ag is set to zero. Since we are not interested in terms which are divisible 
by Ag and since Ag has weight 3, we factor out a term which can be linear in Ag 
to express Pm+i symbolically as: 

Pm+l = Ep(-l)"TrA.(M){Efe>lV'=i?-f«_fc_ 2 +Efc>lV'=E .£^_,_2 
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We set Aq = 0 in studying the ‘coefficient’ monomials £. Thus the arguments 
given above in the proof of Assertion (1) shows only powers of S are relevant so 

Pm+i = Ep(-l)^TrAP(M) { Efe>i • 5—'=-2 + 

(4-h) + Efc>i 

By Lemma m 

(4.i) I]p(-l)^TrAp(M){*S''=} = 0 for k <m-l. 

Thus the terms in and V^L do not appear in Equation (I4.hll since, being 

scalars, they could be moved outside Tr. As fl is skew-adjoint and S is self-adjoint, 
this term does not appear. Terms involving must be fully contracted and, 
modulo lower order terms which can be absorbed at an earlier stage, have the form: 

S..a,a,a,a,..S’^ = ^ {, 5^+1 }. + 0 (^ 2 ) . 

Thus by Equation Il4.ill such terms do not arise in Equation Ijd.hll . A similar argu¬ 
ment can be used to eliminate the terms x-aiaia 2 a .2 -'^^ from Equation Ijd.hll . 

Extend S to be covariant constant along the geodesic normal rays from the 
boundary. This permits us to move covariant derivatives outside the trace once 
again. We apply Lemma ITTI to see 

Ep(-lFTrAP(M){i^^n = 0 for fc<m-3. 

Thus exactly one covariant derivative of E can appear and Equation Il4.hll becomes 

P™+i(5)(0) = c^+i Ep(-lFTrAP(Rm){E;™5’"-n(0). 

If m = 3, then X]p(“l)^TrAP(R3){if} = 0. This implies 

Sp(“l)^TrAP(R3){i?;m} = 0 

and hence Cm+i = 0 as desired. 

Suppose that m > 4. Since S vanishes on A(R™“^)-*-, we have 

P™+i(5)(0) = c,„+iEp(-lFTrAP(Rm-i){P;„p5™-3)} 

We may decompose A(R™“^) = A(R2j (g) A(R™“^) to express P;m = P (8) Id and 
S' = Id (8> This then leads to the corresponding decomposition of the supertrace 

Ep(-lFTrAPRm-i{P;™S™-3} 

= Ea(-l)“TrA.(R2){P™} • E6(-l)'’TrA-.(Rp.-3{S—3} . 

The computation performed above shows that the supertrace of S™“^ on is 

(—— 3)!Ai....Am-3- A direct calculation of the supertrace of E-m on R2 
yields 2Aq. The final assertion of Lemma [4.21 now follows. □ 

We continue our study by using the various functorial properties to show: 

Lemma 4.3. (1) = (47r)-(’"-i)/2cj, ^ 

(2) //n > 3, then 

(3) Ifn>5, then 
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To prove Assertion (1), we use product formulas. Let Mi = T™ ^ be the torus 
and let Di be the scalar Laplacian. Since the structures are flat, 


Hn.rn— 1 (^1 ; 


(4^)-(m-l)/2 if „ ^ 

0 if n > 0. 


Let {M 2 ,D 2 ) = ([0,1],-92). Let M = MixMa and £> = D 1 +D 2 . Let S = Ve^+S” 
where S is constant and where Cm is the inward unit normal; Cm = dr when r = 0 
and Cm = —dr when r = 1. An analogous argument to that which was used to 
establish Lemma [2.31 141 can be used to establish the following identity from which 
Assertion (1) follows: 


an,-m,k{y,D,B) = Y.m+n^=nO-ni,m-l{xi,Di) ■ an^^i^k{y 2 ,D 2 ,B) 

In view of Assertion (1), it suffices to take m = 1 in the proof of the remaining 
assertions. We use results from [^. Let M := [0,1] and let Dq := —d^- We choose 
/ so that / vanishes identically near r = 1 so only the component r = 0 where dr is 
the inward unit normal is relevant. To prove Assertion (2), we consider a conformal 
variation := Dq. Then: 

deS\e=o =and dean{l,Ds)\s=o = {^ - n)an{f,Do) ■ 

For n > 3, arises from no other term. Thus we may show 1 0 = 

by computing: 

9ea„(l, Dg) = de Jgj^ 2,0*^” ^c^2/|e=o + • • ■ 

= (1 - n)a„(/. Do) = {l-n) f-mS^~^dy + ... . 

To prove Assertion (3), we consider a scalar variation Dg := Do — gf. We have: 
9^0.71(1; 0 — ^n — 2{_f^ Do) . 

If n > 5, then this is the only way a term involving can arise. We show 

4 , 1,0 = 4 - 2 , 1 ,! by computing: 

9ga„(l, Dg)\g^o = 9e Jgj^ c^ i oE-rnS^ ^dy|e=o + ■ ■ • 

= a„_2(/. Do) = Jg^ 4-2,1,i/;m5'"-4di/ + ... . □ 

Remark: Lemma, f4.31 (2) fails if n = 2 and Lemma f4.31 (3) fails if n = 4 as there 
are interior terms which also contribute to the variational formulae. 
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5. Proof of Theorem n .21 

We use Lemmas lOlO and lO to determine the constants of Lemma o 


Cm+l,m - 


for m = 2m + 1, 




1, k 

2, k 

^m+l,m,0 

3, k 

3,k 


1 ^0 _ i_^o 

TT^S^fe! ^m — 2k-\-l,m — 2k,l n^8^k\ —2fc+l,m —2fc,l 

1 prO 

27r^8^fc! 2fc+l,m —2A:,0 27r^8^fc! 2fc+l,m —2fe+l,0 


8^7r^fe! vol(S”^~2^)(m—2fc)! ’ 

1 1.0 = _1_ 

7r^8^fc! ^m+1—2A:,m—2A:,0 y^7r^8^fe! vol(S’^~^^“^){m —2/c—2)! ’ 

1 2,0 _ /A 

7r^8^fe! ^m+1—2A;,m—2A;,0 

= 0 for 2fc = TO - 3, 

1 3,0 _ 1 -3 

7r^8^fe! ^m—2A;+l,m—2A;,0 7r^8^fc! —2^+1,771 —2A:,0 

1 y) _ 1 7^0 

7r^8^fe! ^7^—2/c—1,771—2fc,0 2y7F7r^8^fe! —2/c—l,m—2fe —1,0 


2\/7r'7r^8^A;! —2fe —l,m—2fc—1,0 

_ 1 _ 

2-y^7r^8^A:! vol(S’^“^^~^)(m —2A;—2)! 


for 2k < m — 3 . □ 
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